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Example

minimize x1 + 2x2
s.t. x1 � 2

x2 � 2

�x1 + x2 � 1

x1 + x2 � 5

x1, x2 � 0

Goal: Find an upper bound on the optimal solution value z⇤.

Easy: Any feasible solution provides one.

Examples:

I (x1, x2) = (4, 5) ) z⇤  14

I (x1, x2) = (3, 4) ) z⇤  11

I (x1, x2) = (2, 4) ) z⇤  10

I (x1, x2) = (2, 3) ) z⇤  8
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Example

minimize x1 + 2x2  z
s.t. x1 � 2  C1

x2 � 2  C2
�x1 + x2 � 1  C3
x1 + x2 � 5  C4

x1, x2 � 0

New goal: Find a lower bound on the optimal solution value.

Examples:

I C4 ) z � 5

I C1 + 2 C2 ) z � 6

I 3 C1 + 2 C3 )
I 3 C2 � C3 )
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Example
minimize x1 + 2x2  z

s.t. x1 � 2  C1
x2 � 2  C2

�x1 + x2 � 1  C3
x1 + x2 � 5  C4

x1, x2 � 0

Idea: Add non-negative combination p1 · C1 + p2 · C2 + p3 · C3 + p4 · C4 of the

constraints, s.t.:

z = x1 + 2x2 � (p1 � p3 + p4) · x1 + (p2 + p3 + p4) · x2

� 2 p1 + 2 p2 + p3 + 5 p4

Dual Problem:

Find the best such lower bound.
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More general

minimize c1x1 + · · · + cnxn  z
s.t. a11x1 + · · · + a1nxn � b1  C1

a21x1 + · · · + a2nxn � b2  C2
.
.
.

. . .
.
.
.

am1x1 + · · · + amnxn � bm  Cm

x1, . . . , xn � 0

Consider: p1C1 + p2C2 + · · ·+ pmCm

Q: What are the conditions on p1, . . . , pm so that this combination lower bounds z?

a11p1 + a21p2 + · · ·+ am1pm  c1
.
.
.

.

.

.
.
.
. 

.

.

.

a1np1 + a1np2 + · · ·+ amnpm  cn
p1, p2, . . . , pm � 0

Q: What lower bound do we get?
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Primal and Dual LP
Primal: Decision variables x1, . . . , xn.

minimize c1x1 + · · · + cnxn
s.t. a11x1 + · · · + a1nxn � b1

a21x1 + · · · + a2nxn � b2
.
.
.

. . .
.
.
.

am1x1 + · · · + amnxn � bm
x1, . . . , xn � 0

min cT x
s.t. A x � b

x � 0

Dual: Decision variables p1, . . . , pm.
maximize b1p1 + · · · + bmpm

s.t. a11p1 + · · · + am1pm  c1
a12p1 + · · · + am2pm  c2

.

.

.
. . .

.

.

.

a1np1 + · · · + amnpm  cn
p1, . . . , pm � 0

max bT p
s.t. AT p  c

p � 0
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Primal and Dual Example (1)
Primal:

min x1 + 2x2
s.t. 2x1 + x2 � 7

�x1 + 3x2 � 1

x1 + 4x2 � 5

x1, x2 � 0

Dual:
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Primal and Dual Example (2)
Primal:

min �x1 + 4x2
s.t. 3x1 + 2x2 � 9

x1 � 3x2  3

x1, x2 � 0

Dual:
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Primal and Dual Example (3)
Primal:

min �x1 + 4x2
s.t. 3x1 + 2x2 � 9

x1 � 3x2 = 3

x1, x2 � 0

Dual:
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