COMP331 /557

Chapter 4:
Duality Theory

(Bertsimas & Tsitsiklis, Chapter 4)
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Example

minimize x; + 2x

s.t. X1 > 2
xXo > 2

—Xx1 + x > 1

x1 + x =5

x1,x2 > 0

Goal: Find an upper bound on the optimal solution value z*.
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Example

minimize x; + 2x

s.t. X1 > 2
xXo > 2

—Xx1 + x > 1

xx + x > 5

x1,x2 > 0

Goal: Find an upper bound on the optimal solution value z*.

Easy: Any feasible solution provides one.
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Example

minimize x; + 2x

s.t. X1 > 2
xXo > 2

—Xx1 + x > 1

xx + x > 5

x1,x2 > 0

Goal: Find an upper bound on the optimal solution value z*.

Easy: Any feasible solution provides one.

Examples:
» (x1,x2) = (4,5) =z" <14
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minimize x; + 2x

s.t. X1 > 2
xXo > 2
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xx + x > 5
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Goal: Find an upper bound on the optimal solution value z*.

Easy: Any feasible solution provides one.
Examples:

> (x1,x2) = (4,5) =z <14

> (x1,x2) =(3,4) =z" <11
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Example

minimize x; + 2x

s.t. X1 > 2
xXo > 2

—Xx1 + x > 1

xx + x > 5

x1,x2 > 0

Goal: Find an upper bound on the optimal solution value z*.

Easy: Any feasible solution provides one.

Examples:
> (x1,x2) = (4,5) =z" <14
> (x1,x2) = (3,4) =z"<11

> (x1,x2) =(2,4) =z" <10
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Example

Goal: Find an upper bound on the optimal solution value z*.

Easy: Any feasible solution provides one.

Examples:
> (x1,x) = (4,5
> (x1,x) = (3,4
> (x1,x) = (2,4
> (x1,x)=1(2,3

minimize

s.t.

IV IV IV IV IV
o Ul NN
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Example

New goal:

minimize x3  + 2x» —z
st. X1 > 2 «~— G
X2 > 2 — C2
-x1 + x =21 <+ @G
XX + x > 5 — (4
xi,x2 > 0

Find a lower bound on the optimal solution value.
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Example

st. X1 > 2
xXo > 2

-x1 + x > 1

X + x) = 5

X1, X2 Z 0
-

— Zz
<—C1
(*CQ
<—C3
(—C4

New goal: Find a lower bound on the optimal solution value.

Examples:
> (4
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Example

New goal:

Examples:
> (4

minimize

s.t.

X1
X1

X1

_|_

+
_|_

2xo

X2

X2

X2
X1, X2

IV IV IV IV IV

O 1T = NN

— Zz
<—C1
(*CQ
<—C3
(—C4

Find a lower bound on the optimal solution value.

=

z>5
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Example

minimize x3  + 2x»
st. X1

X2

X1 + X

X1+ X

X1, X2

IV IV IV IV IV

O 1T = NN

— Zz
<—C1
(*CQ
<—C3
(—C4

New goal: Find a lower bound on the optimal solution value.

Examples:
> (4
> GG+2 G

= z2>5

=) oy o+ lx, €

-_
-~

>

2

o)

=
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Example

minimize
s.t.

X1
X1

X1

_|_

+
_|_

2xo

X2

X2

X2
X1, X2

IV IV IV IV IV

O 1T = NN

— Zz
<—C1
(*CQ
<—C3
(—C4

New goal: Find a lower bound on the optimal solution value.

Examples:
> (4
> GG+2 G

=

=

z>5
z>06
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Example

minimize x3 + 2xo —z
s.t. Xx1 > 2 «~— G
X2 > 2 — C2
-x1 + x =21 <+ @G
XX + x > 5 — (4
xi,x2 > 0

New goal: Find a lower bound on the optimal solution value.
Examples:
> G = z2>5
> (1 +2G = z2>6
>3G+2G = 3x, -1+ g 2 324228 5 3:9

>3C2—C3 = .
’ 1—‘)— 2 _r) 0405)) ADA\'
“C:\: X\ =X 5 <)~ | ﬁsve L
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Example

|dea: Add non-negative combination p; - C; + po - Co + p3 - C3 + py - C4 of the

constraints, s.t.:

minimize
s.t.

X1
X1

—Xx1
X1

_'_

+
+

2xo

X2

X2

X2
X1, X2

VIV IV IV IV

O o= NN

— z
<—C1
(—C2
<—C3
(—C4



Example

minimize x31 4+ 2xo —z
s.t. X1 > 2 — G . P‘
X 2 2 =G .y
—-x1 + X2 2> L «— G3 PR
xx + x > b — G . P‘f
x1,x2 > 0

|dea: Add non-negative combination p; - C; + po - Co + p3 - C3 + py - C4 of the
constraints, s.t.:

z=x1+2x02 (pr —p3+ps) - x1 + (P2 +p3+pa) - x2
>2p1+2p2+p3+5ps



Example

minimize x31 4+ 2xo —z
s.t. X1 > 2 +— G
xXo > 2 — C2
-x1 + x» > 1 «— G3
X + x > 5 <G
x1,x2 > 0

|dea: Add non-negative combination p; - C; + po - Co + p3 - C3 + py - C4 of the
constraints, s.t.:

z=x1+2xp > (p1— p3+ps)-x1 + (P2+p3+pa) X
>2p1+2p2+p3+5ps

Dual Problem: MAK 2P| + 2 P2 + Pl-& S-Plf
Find the best such lower bound. '(
- Pi-Ps+ps < |

Pt P+ Py & 2
PuPa P3Py = g



More general

minimize ¢ x1  +
s.t. aiixy +
axy +

amix1 +

Consider: p1CGG +p2 G+ -+ + pmCim

CnXn
a1nXn
a2nXn

dmnXn

ALY,

VIV -

by

o

— Z
%Cl
(*CQ

P
r=
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More general

minimize  ¢1x
s.t. axa
a1xi

dm1X1

Consider: p1CGG +p2 G+ -+ + pmCim
Q: What are the conditions on py, ..

+

+  CnXn
+  AinXp
+  a2nXn
+  amnXn
X1y-+-3Xn

ALY,

VIV -

by

o

— Z
%Cl
(*Cg

.(.\\

P

‘Pm

., Pm SO that this combination lower bounds z?
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More general

minimize ¢ x1  +
s.t. anxy +
aixy +

amix1 +

Consider: p1CGG +p2 G+ -+ + pmCim
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+ 4+

X1y .-

CnXn
a1nXn
a2nXn

dmnXn
. Xn

a11p1 t+ ax1p2 + -+ amiPm

ainpp1 + ainp2 + -+ + amnPm

P1, P2, - ..
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ALY,

VIV -
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by

o
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More general

minimize ¢ x1  +
s.t. aiixy +
axy +

amix1 +

Consider: p1CGG +p2 G+ -+ + pmCim
Q: What are the conditions on py, ...

, Pm so that this combination lower bounds z?7

CnXn
a1nXn
a2nXn

dmnXn

aiip1 + ap2 + -+ amiPm

ainpp1 + ainp2 + -+ + amnPm

Q: What lower bound do we get?

P1, P2, - ..

y Pm

ALY,

VIV -

<

IV IA A

pbit byt 4 Pm b,

by

o

G

Cn
0

— Z
%Cl
(*CQ
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Primal and Dual LP

Primal:, Decision variables X1, oo Xn-
minimize  ¢c1x1 .
st. anxy + - +
a1xy + o+
amx1 + -+
X1,
Dual: Decision variables p1, ..., p.
maximize bip;
st. aupr + - +
ap1 + +
anpr + 0 F

p1, -

CnXn
d1nXn
a2nXn

AmnXn
-y Xn

bmpm
dm1Pm
am2Pm

dmnPm
> Pm

ALY,

(AVAIAVARE

ININA

AVAVARREE

b1
by

(on
© 3

]
(&)

Cn

min ¢’ x

st. Ax >0b
X >0

max b’ p

st. ATp <c
p =0




Primal and Dual Example (1)

Primal:

Dual:

mn ‘x; + 2x

st. 29 + x > 7T & P
—x1 + 3x > 1 < P2
X1 + A =2 S5e— po

X1, X2 =

MAx o+ po "5?3



Primal and Dual Example (2)

Primal:
min  —x; + 4x
s.t. 3x11 + 2x§ > 9 ‘—/'0, P'
x1 — 3x < 3 ét) - ¢3;<2;_3(‘
X1, X2 2 0
Dual: ‘
P2 = "R
Vho\g‘i P[ -30'32 &) Moy 3"‘, Y 3F2_
sS4 3P“P£é‘\ (3" gra\-tf,_é—-[
Lp 3@ ¢ 4G 2p, 3P € ¢
P > o Py =d
Pr >0 P2
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Primal and Dual Example (3)

Primal:
min —x; + 4x P
st. 3x1 + 2x0 > 95{‘/)(‘ -3x,23% é—Pz\
X1 ij N g “X43xg 2-3 4—pt
Dual: "
\ " P).:;PL(“FZ
max 3[3, + S(Pa ’Pz) = nox CS‘O. £ 3pa
c.k et <&\-P2”> < - ot %P\ + P2 £ -/
2p ept)< 4 2pi~3p €4
p. 20 P20
r: =0 P2 free

F“?-O-



