
Complementary Slackness
Consider the following pair of primal and dual LPs:

min cT · x max pT · b
s.t. A · x � b s.t. pT · A = cT

p � 0

If x and p are feasible solutions, then cT · x = pT · A · x � pT · b.Thus,

cT · x = pT · b () for all i : pi = 0 if ai
T · x > bi .

Theorem 4.6.

Consider an arbitrary pair of primal and dual LPs. Let x and p be feasible solutions to

the primal and dual LP, respectively. Then x and p are both optimal if and only if

ui := pi (ai
T · x � bi ) = 0 for all i , (1)

vj := (cj � pT · Aj) xj = 0 for all j . (2)
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Proof of Than 4.6 -

-
• Ui so since aix - bi= O =D us .  = O

air - bi > o ⇒ Piso ⇒ uiso

air - bi CO ⇒ pi
 to ⇒ uiz on

• vjzo similarly . I
• Thus U :  = ? u ;

20 U -

- O Ci ) holds

✓ : = §vj 20 V = O ⇒ (2) holds

• Utv = ? picaitx - bi ) t § Ccj - PTA ; ) x ;

=
-? pi bi  t § cjxj  + § piaitx - § pttjxj

= c€¥b tEpi.E.aijxj-EE.aijpi.rs#=0
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• Suppose Ccl and (2) hold
.

⇒ Utv =O ⇒ Ex = ptb

=) by weak duality ⇒ ×
, p optimal

• Suppose x and p are optimal

⇒ by strong duality =) ctx = ptb

⇒ Ut V = O

⇒ as and (2) hold



Complementary Slackness Example
Consider the following LP in standard for and its dual:

min 13x1 + 10x2 + 6x3 max 8p1 + 3p2

s.t. 5x1 + x2 + 3x3 = 8 s.t. 5p1 + 3p2  13

3x1 + x2 = 3 p1 + p2  10

x1, x2, x3 � 0 3p1  6

Claim: x⇤ = (1, 0, 1) is a non-degenerate optimal solution to the primal.

Verify this using complementary slackness!
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• pi Cait - bi ) = O is automatically satisfied since

primal is  in standard form

• Ccj - pttj )
= o ⇒ satisfied for j - 2 as XE = or
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